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Regression analysisAbstract For ﬁxed time trafﬁc signal control, the well-known Webster’s formula is widely used to
estimate the minimum delay optimal cycle length. However, this formula overestimates the cycle
length for high degrees of saturation. In this paper, we propose two regression formulas for estimat-
ing the minimum delay optimal cycle length based on a time-dependent delay formula as used in the
Canadian Capacity Guide and the Highway Capacity Manual (HCM). For this purpose, we
develop a search algorithm to determine the minimum delay optimal cycle length required for
the regression analysis. Numerical results show that the proposed formulas give a better estimation
for the optimal cycle length at high intersection ﬂow ratios compared to Webster’s formula.
 2016 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Trafﬁc signal control is one of the most efﬁcient methods to
reduce the impact of trafﬁc congestion. For an isolated inter-
section with ﬁxed time signal control the cycle length is prede-
termined and ﬁxed for all cycle in this intersection. The cycle
length is selected to optimize the intersection performance.
One of the most commonly used performance measures is
the delay due to its direct relation to what drivers experience
while attempting to cross an intersection [1,2].
A stochastic delay model was developed by Webster in pur-
pose of estimating the overall vehicle delay [3]. Based on this
model, Webster provided an estimate [4] of the optimal cycle
length that minimizes the overall vehicle delay. A main conse-quence of Webster’s delay model is that the estimated delays
tend to inﬁnity as the degree of saturation approaches one
(the arrival ﬂow rate approaches capacity) which is not true
in the practical situation [4]. Hence, Webster’s formula overes-
timates the optimal cycle length for highly-saturated
intersections.
In order to enhance the performance of the stochastic delay
model, time-dependent delay models were developed. As the
degree of saturation approaches one, the delay computed from
a time-dependent delay model becomes tangent to the deter-
ministic over-saturation delay model [4]. These time-
dependent models are widely used in capacity guides as in
the Canadian Capacity Guide [5] and the Highway Capacity
Manual (HCM) [6] to improve the estimate of the overall vehi-
cles delay. However, a parallel line of improvement is missing
which is estimating the minimum delay optimal cycle length
based on the time-dependent delay models. To the best of
our knowledge, such estimate has not appeared in the litera-
ture yet.
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model for the prediction of the optimal cycle length at signal-
ized intersections depending on a simulation model. The data
obtained from the simulation experiments are used in a linear
regression analysis to achieve a model for the prediction of
cycle length that minimizes overall vehicle delay. The optimal
cycle length calculated by the regression model is compared to
that calculated using the OSCADY/3 software. In [8], Cheng
et al. used the HCS software [9] to conduct experiments for
a typical four-phase intersection over wide range of trafﬁc vol-
umes and lost times. The results were used to generate an equa-
tion that modiﬁes the original Webster’s minimum delay cycle
length equation.
In this paper, two regression formulas are developed to
improve the calculation of the optimal cycle length compared
to Webster’s formula. In order to generate the data required
for this regression process, a search algorithm is developed
to locate the optimal cycle length based on a time-dependent
delay model. Numerical results show that the proposed formu-
las give a better estimation for optimal cycle length at high
intersection ﬂow ratios compared to Webster’s formula.
The rest of this paper is organized as follows. Section 2 pre-
sents the used time-dependent delay model. The search algo-
rithm and the regression formulas are presented in Sections 3
and 4 respectively. Numerical results are shown in Section 5.
Finally, concluding remarks are given in Section 6.
2. Time-dependent delay formula
Calculation of overall delay for each vehicle in this paper is
based on a time-dependent delay formula as used in the Cana-
dian Capacity Guide [5] and the Highway Capacity Manual
(HCM) [6] with vehicular trafﬁc ﬂows expressed as the number
of passenger car unit (pcu) per unit time.
The basic equation for estimating the average overall delay
is
d ¼ kfd1 þ d2; ð1Þ
where
d: average overall delay (sec/pcu),
kf : progression adjustment factor (kf ¼ 1 for isolated inter-
section [5]),Figure 1 A two-phase, foud1: average overall uniform delay =
C 1geCð Þ2
2 1minðX ;1Þ geCð Þ,
d2: average overﬂow delay = 15te ðX1Þþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðX1Þ2þ240Xc te
qh i
,
C: cycle length (sec),
ge: effective green time (sec),
X: degree of saturation,
c: capacity (pcu/h),
te: evaluation time (min).
3. Search algorithm
An algorithm has been developed to ﬁnd the optimal cycle
length that minimizes the average delay by investigating an
interval of cycle length [Cmin;Cmax]. Cmin is deﬁned [10] as the
duration of time just long enough to allow all the trafﬁc which
arrives in one cycle to pass through the intersection in the same
cycle. In this case, the intersection will be served at exactly
capacity condition (degree of saturation = 1). Minimum cycle
length could be expressed as [10]
Cmin ¼ L
1 Y ;
where
Cmin: minimum cycle length (sec),
L: total intersection lost time (sec),
Y: intersection ﬂow ratio (sum of the critical lanes ﬂow
ratios).
Cmax is the maximum cycle length which depends on prac-
tical limits. Long cycles involve long red intervals for some
movements and, as a consequence, long delays for vehicles.
A cycle length of 120 sec is usually considered as a practical
upper limit [5], while 140 or 160 sec is used under exceptional
conditions.
For each discrete value in this interval, we determine the
total average delay for all vehicles in this intersection. Then,
Copt could be determined as the cycle length which provides
the lowest total average delay. It is well known (see Fig. 3) that
increasing the cycle length C, decreases the total average delay
till C reaches Copt, then total average delay starts to increase.r-approach intersection.
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i consists of mi approaches. Deﬁne qt as the total arrival rate toTable 1 Results for a total lost time of 4 sec.
Arrival rate per
approach
Intersection
ﬂow ratio (Y)
Optimal cycle
length (Copt)
Total
average
delay
100 0.1108 10 3.3460
200 0.2216 13 4.4796
300 0.3325 15 5.8572
400 0.4433 19 7.6907
500 0.5542 23 10.3456
600 0.6650 31 14.6573
700 0.7758 44 22.8727
800 0.8867 75 44.0390
900 0.9975 146 125.8061
(c) Lost time = 7
(a) Lost time = 5
Figure 2 Comparison between search algorithmthe intersection, qij as the arrival rate of the jth approach in
phase number i; sij as the saturation rate of the jth approach
in phase number i; yij as the ﬂow ratio of the jth approach in
phase number i ðyij ¼ qij=sijÞ; yci as the critical ﬂow ratio of
phase i (yci ¼ max
j
yij) and ge as the total effective green
time.
In this paper, the considered green time allocation tech-
nique distributes the available total effective green time among
all phases according to the ﬂow ratio of the critical lane for the
corresponding phase as [5]
gei ¼ ge
yci
Y
;
where gei is the effective green time for phase i.(d) Lost time = 8
(b) Lost time = 6
, regression formulas and Webster’s model.
2512 A.Y. Zakariya, S.I. RabiaAlgorithm 1. Optimal cycle length
Inputs: number of phases n, number of approaches mi, arrival
ﬂow rates qij, saturation ﬂow rates sij, total intersection lost time
L and maximum cycle length Cmax
Outputs: optimal cycle length Copt, eﬀective green time for each
phase gei.
yci ¼ max
j
yij
Y ¼
X
i
yci
qt ¼
X
i
P
j qij
dmin ¼ inf % initialization of minimum delay as inﬁnity.
Cmin ¼ L=ð1 YÞ
for C ¼ Cmin to Cmax do
gt ¼ C L % total green time.
Dt ¼ 0 % initialization of total average delay
for i ¼ 1 to n do
gei ¼ ðgt yciÞ=Y % calculating green time for phase i
according to ﬂow ratio.
for j ¼ 1 to mi do
Determine the delay dij for the current approach from Eq.
(1)
Dt= Dt + dij (qij/qt)
endfor
endfor
if dmin > Dt
dmin ¼ Dt
Copt ¼ C
else
break
endif
endfor
ge ¼ Copt  L
for i ¼ 1 to n do
gei ¼ ðge  yciÞ=Y
endforFigure 3 Effect of lost time o4. New regression formulas
In this section, we introduce a regression analysis over a wide
range of trafﬁc volumes and lost times for a typical ﬁxed time
signal control intersection with two phases each consisting of
two approaches (as shown in Fig. 1). The results are used to
modify the original Webster minimum delay cycle length for-
mula given by
Copt ¼ 1:5Lþ 5
1 Y : ð2Þ
The new minimum delay cycle length formulas derived in
this study signiﬁcantly improve the accuracy of predicting
the optimal cycle length for isolated intersections at high trafﬁc
volume conditions. In order to modify the Webster’s optimal
cycle length formula, two regression models are proposed.
The ﬁrst one recalibrates the Webster’s minimum delay cycle
length formula as follows:
Copt ¼ aLþ b
1 cY ;
where a; b and c are regression parameters. The strategy used
to calculate these parameters is summarized in the following
steps:
1. Start with a total lost time ðLÞ of 2 sec and arrival rate of
100 pcu for all approaches.
2. Calculate the intersection ﬂow ratio ðY Þ considering satura-
tion rate equal to 1820 pcu (the value considered in Cana-
dian Capacity Guide).
3. Calculate the optimal cycle length using the search algo-
rithm discussed in Section 3.
4. Repeat Steps 1 to 3 for an increasing arrival rate
qij 2 f130; 160; . . . ; 900g for all i and j.
5. Repeat Steps 1 to 4 for an increasing total lost time
L 2 f3; 4; . . . ; 8g.n the optimal cycle length.
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cycle length values to cftool of MATLAB software to cal-
culate the regression parameters a; b and c.
Applying the above procedure yields
Copt ¼ 1:978Lþ 5:109
1 0:9013Y :
The coefﬁcient of determination (R2) for this model equals
0.965 which implies that this model is a good representation of
the data.
Table 1 illustrates a sample of the data used in the regres-
sion analysis for a total lost time of 4 sec and all approaches
have the same arrival rate.
The second model, the exponential type of non-linear
regression model, was proposed as(a) Lost time = 6
Figure 4 Comparison between scatter
Figure 5 Comparison between Webster’s model, search aCopt ¼ aL ebYd þ c;
where a; b; c and d are regression parameters. They are esti-
mated using the same methodology to get
Copt ¼ 0:6256L e3:694 Y1:712 þ 14:87:
The coefﬁcient of determination (R2) for this model equals
0.9685.
5. Comparative study
In this section, we show the performance of our proposed
models compared to Webster’s model. Fig. 2 displays the opti-
mal cycle length versus the intersection ﬂow ratio for different
lost time scenarios. At low values of intersection ﬂow ratios all(b) Lost time = 7
ed data and the regression models.
lgorithm, regression formulas, and simulation results.
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length. However, at high values of intersection ﬂow ratios
(Y > 0:7), Webster’s formula overestimates the cycle length
(selects a cycle length longer by approximately 40% at
Y ¼ 0:9). On the other hand, the regression formulas give
results close to the search algorithm results especially for large
values of lost time.
Another observation from Fig. 2 is that the optimal cycle
length increases as the lost time increases. In order to investi-
gate the effects of various lost time values on the optimal cycle
length we consider a two-phase, four-approach intersection
where ðq11; q12; q21; q22Þ ¼ ð774; 699; 475; 650Þ and sij ¼ 1820
for all i and j.
Fig. 3 plots the overall intersection delay as a function of
the cycle length for different lost time values. As lost time
increases the overall intersection delay increases and, as a con-
sequence, the optimal cycle length increases.
Fig. 4 provides an illustration for the two regression models
ﬁtted on the input data for different lost time scenarios. Scat-
tered data for the optimal cycle length and the two regression
formulas are compared. From the ﬁgure, it is clear that our
models provide a good approximation for the optimal cycle
length.
Fig. 5 shows a comparison between Webster’s model,
search algorithm, regression formulas, and simulation results.
From the graph it is clear that the regression formulas and
the search algorithm give approximately the same performance
as the simulation results which validates our methodology.
6. Conclusions
Webster’s formula overestimates the cycle length for a degree
of saturation near unity. In this study, two different regression
formulas were proposed to solve this problem. Moreover, a
general search algorithm was developed to determine the opti-
mal cycle length given the intersection parameters. Hence, acomparative study was given which revealed that the proposed
regression formulas have the same performance as Webster’s
formula for low degrees of saturation. However, they provide
a good estimate of the optimal cycle length for high degrees of
saturation. The study assumed a two-phase, four-approach
intersection. It is interesting to build a similar study for a vari-
able number of phases and/or approaches.
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